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Abstract
A Catalan path of length n, is a path from (0; 0) going N=(0; 1) or E=(0; 1) in each step, such
that it stays under (or on) the line x = y and ending at (n; n) after 2n steps. Here we calculate
the total area between the line y = x and all Catalan paths. The total area an = 12
Pn
k=1 ck4
n−k ,
where ck is the number of Catalan paths of length k. c© 2001 Elsevier Science B.V. All rights
reserved.
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The number of path-pairs (PP) from (0; 0), going E = (1; 0) or N = (0; 1) in each
step, meeting only at the end of n + 1 steps is the Catalan number cn (n>1). The
number of paths from (0; 0) to (n; n) after 2n steps, going E or N in each step, such
that it stays under (or on) the line x = y, is also the Catalan number cn, these are
called Catalan paths (CP). Here we shall nd the total area between the line y= x and
all CPs. In [7], the authors prove that the total area of all PPs is 4n−1.
The rst few terms of Catalan numbers are c0 := 1; 1; 2; 5; 14; 42; 132; : : : The general
term and the generating function are as follows:
cn =
1
n+ 1

2n
n

; C = C(x) :=
X
cnxn = 1 + xC2 =
1−p1− 4x
2x
;
1− xC2 = 2− C = Cp1− 4x; xC0 = xC
2
p
1− 4x ;
Ck+1 =
X k + 1
n+ k + 1

2n+ k
n

xn: (1)
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Denition. Color the unit coordinate squares by black and white in the following way.
Let Si; j be the unit square whose lower left corner is (i; j). Si; j is colored black if and
only if i + j is even, otherwise it is colored white. For a Catalan path P, the area
produced by the odd steps is the total area of the black squares above P and below
the line y = x + 1.
Theorem A. For n> 0 the total area of Catalan paths of length 2n; produced by the
odd steps; is 4n−1.
Proof. Given a PP, delete the beginning and ending steps of the upper path(the rst
part) and next we reverse the steps(N!E; E!N ) of the rest of the upper path, then
insert the steps into the lower path by taking the steps of the lower path and the upper
path alternatively.
For each step in PP, we have four possible steps (N; N ); (E; E); (N; E) and (E; N ),
which produce EN;NE;EE;NN in CP. As for the distance from x = y, the rst two
maintain the same, the third one moves one more unit away and the last one moves
one unit closer, which are the same as in PP. The last statement also shows that the
resulting path is a CP and the area of the odd steps produce the same area 4n−1 as
in [7].
For example, the PP; P=(NNENEEEE; ENEEENEN )! (NENEEE; ENEEENEN; )!
(ENENNN; ENEEENEN )! (EENNEEENENNNEN ) = R is the corresponding CP.
In Fig. 1 the rst one is P, the second one is R, the third one shows that the area
between the odd steps of R and y = x + 1 is the same as the area between the upper
and the lower paths of P.
Theorem B. The total area between the line x = y and all Catalan paths of length
2n; is 12
Pn
k=1 ck4
n−k .
Proof. Let b(m; k) be the number of paths B(m; k) from (0; 0) to (i; j) with i+ j =m
and i − j = k, going E or N in each step, such that it stays under (or on) the line
x = y. Call these partial-Catalan-paths (PCP)s. Note that B(m; k) consists of all those
PCPs that end at the line x − k = y with m steps, but the Catalan number cn with 2n
W.-j. Woan /Discrete Mathematics 226 (2001) 439{444 441
Fig. 2.
steps, as for the generating function we need to replace x by x2. Fig. 2 is the table of
the rst few values of the b(m; k):
Note that b(m;m)=1; b(m; 0)=b(m−1; 1) and b(m; k)=b(m−1; k−1)+b(m−1; k+1);
the rst term is from E-step and the second term is from N -step for k>1. This matrix
is called aerated Catalan matrix and it is also a Riordan matrix [2]. Using induction,
the recursive relation and binomial properties, we can show that b(m; k) = 0 if m− k
is odd, otherwise
b(m; k) = b(2n+ k; k) =
k + 1
n+ k + 1

2n+ k
n

:
The generating function for the kth column is
Bk = Bk(x) =
X
m>k
b(m; k)xm
=
X
b(2n+ k; k)x2n+k =
X k + 1
n+ k + 1

2n+ k
n

x2n+k
= xk
X k + 1
n+ k + 1

2n+ k
n

x2n
= xkC(x2)k+1
=C(x2)(xC(x2))k
as can be seen by rst looking at the last time where the path at k = 1, from there
continuing until the last time the path at k = 2, and so on. The sequence of steps that
takes the paths from k (for the last time) to k + 1 (for the last time) is the same for
all k. C(x2) =
P1
n=0 cnx
2n is the generating function for the rst column of the matrix
in Fig. 2. (See also Ref. [6] about right continuous random walks.)
Let P be in B(m; k) and Q be in B(t; k). Reverse the order of the steps of Q,
i.e. the rst step becomes the last step, the second step becomes next to the last
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step and so on. And also reverse the steps(N!E; E!N ); then attach it to the
end of P. This produces a CP from (0; 0) to (n; n) with 2n = m + t. For example,
let P = EENEENENNE be in B(10; 2) and Q = ENEENEEN be in B(8; 2), the rst
step is to reverse the order of Q and it become Q0 = NEENEENE, the next step is
to reverse the steps and it becomes Q00 = ENNENNEN , now we attach Q00 to the
end of P and it becomes PQ00 = (EENEENENNE)(ENNENNEN ), a CP path of length
2(9) = 10 + 8.
This convolution product gives us that the square of the generating function Bk of
the kth column in Fig. 2, (Bk)2 = x2kC(x2)2k+2, is the generating function of the total
number of intersections between all CP’s and the line y= x− k. Replace x2 by x and
Ak = xkC(x)2k+2. For example A1 = x1C4 = x1 + 4x2 + 14x3 +   , from Fig. 4 with
n = 3; k = 1, there are 14 intersections with the line x − 1 = y. For each of these
intersections, it is k 12 =
k
2 units(k triangles) away from x = y, see Fig. 3 for the same
R as in Fig. 1.
Therefore the generating function for the total area between the line x = y and all
CPs is
A= A(x) =
X
anxn = 12(A1 + 2A2 + 3A3 +   + kAk +   )
=
1
2
X
kxkC2k+2

;
=
1
2
xC4
X
k(xC2)k−1; note that

1
1− x
2
=
X
kxk−1
=
1
2
xC4

1
1− xC2
2
by (1)
=
1
2
xC4
1
C2(1− 4x) =
1
2
xC2
1− 4x =
1
2
(xC2)
1
1− 4x
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=
1
2
 X
n>0
cnxn
!X
4nxn

=
1
2
X X
k>0
4n−kck
!
xn:
The proof of Theorem B is complete.
For example, c3 = 5, the 5 CPs are given in Fig. 4.
a3 = 12 (4
2c1 + 4c2 + 40c3)
= 12 (16(1) + 4(2) + 1(5))
= 12 (3 + 5 + 5 + 7 + 9)
= 292 :
By actual counting for n= 4, we have
a4 = 12 (4
3c1 + 42c2 + 41c3 + 40c4)
= 12 (64 + 32 + 20 + 14)
= 12 (4 + 3(6) + 3(8) + 3(10) + 2(12) + 14 + 16)
= 12 (130):
For further reading
The following references are also of interest to the reader: [1,3{5].
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